Cauchy’s residue theorem
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Cauchy’s Residue Theorem = Suppose C is a positively oriented, simple closed contour.
= If f is analytic on and inside C except for the finite number of singular points z1, z, ...,
Dan Sloughter Zn, then n
/ f(z)dz = 2xi Z Resf(z).
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Example Example (cont'd)
= Suppose C is the circle |z] = 2 with positive orientation and we wish to evaluate
1
————dz.
/C (z+1)(z—1)3

= In a previous example we saw that « Hence

1 1 1 1 1

(1 1
= - + — + 3dz=27r/(77+—):0,
(z+1)(z-1)3 8(z+1)  8(z—1) 4(z—1)2 " 2(z—1)3

1
/c(z—i—l)(z—z) 8 8

= |t follows that
1 1

Res — =
Az )(z-1)°F 8
and

1

RGS; = -
=1(z+1)(z—1)3 &
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Example Example (cont'd)

= Suppose C is the circle |z| = 2 with positive orientation and we wish to evaluate

3z+5 = Thus
3,5: 3_5-:
/cz2+1dz’ 3§+5:§+§’ 2= o
1 _
= Using partial fractions, =+ z+i z=!
= And so
3z4+5 A . B Alz—-i)+B(z+1) Res3z+5:§+§i
224+1 z+i z—i  (z+i)(z-1) =—iz24+1 2 2
for some constants A and B. and 3245 3 5
= Hence 55,5227:7_*’
=iz2+1 2 2
3z+5=A(z—i)+ B(z+1). + Hence
= When z = —i, we have 5 — 3i = —2/jA and when z = i we have 5 4 3/ = 2/B. /3z+5dz:27ri((§+§i)+(§—§i)) = 6.
= Hence CZ2+1 2 2 2 2
3 5, 3 5,
A—§+§I and 3—5751
Theorem Proof

= Let Ry > 0 be such that the circle |z| = Ry contains C and let Gy be the circle |z] = Ry
where Ry > R;.

. . . - . . = We first note that
= Suppose f is analytic everywhere in the plane except at a finite number of singular points. irstn

o f(z)dz = /C f(z)dz.

= If C is a positively oriented, simple closed contour containing all the singular points of f,

then 1 /1 = Moreover, we know that f(z) has a Laurent series representation on the domain |z| > R;.
/c f(z)dz = 27”525 (;f (;)) : = That is, for |z| > Ry,
* We call Resf(z) = —Res (z%f (%)) the residue at infinity. fl2)= > ",

n=—00
_1 [
Ch = %/Co zn+1dZ.
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Proof (cont'd) Example

= If
= In particular 1
. f(z) = ———3,
2mic_y = | f(2)dz. (z+1)(z—1)3
G then
= Now f(l) 1 z*
1./1\ & o z) " 1 1Y E+)E-1®
() £ IR
n=—o00
¢ = And so
or 1 1 1. (1) _ 2
H>R1, that |sO<|z|<F1. 22 \z)  (z+1)(z-1)%

= Hence = Since this function is analytic at z = 0, we have
c_1 = Res (if <1)>
1= z=0 \ z2 z ’ R_eg (%f (;)) =0.
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Example (cont'd) Example
i 3245
z
(2) = 211
= Hence if C is the circle |z| = 2, then then ] (1> B 345 374572
1 z)  L+1 14 22
A —— :
c(z+1)(z-1) = And so
1 (1) 345z
22 \z)  z(1+z?)
= Now 1
_ 2., 4_ 6
112 =1-z2+2"—-2" +
for |z] < 1.
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Example (cont'd)

= And so

3+52:3—i-52—322—5234-324—{—525—---
1422
for |z|] < 1.
= Thus 345 3
z _2 a2 3 4
72(14_22) z+5 3z—5z°+3z>+ 52z .

= Hence if C is the circle |z| = 2, with positive orientation,

3z+5 .
/sz+1d2—67rl.
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