Proposition

Mathematics 450: Lecture 34 - Suppose E is a metric space.

Series of Functions = Suppose, for n=1,2,3,..., f,: E—> R.

o0
= Then Y f, converges uniformly if and only if, given any € > 0, there exists a positive

n=1
Dan Sloughter integer N such that, if n > m > N, then
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Definition Proposition

= Suppose E is a metric space.

= Suppose E is a metric space.
= Suppose, forn=1,23,..., f,: E—=R.

= Suppose, forn=1,2,3,..., f,: E > R.

o0
. x . o . d, for n=1,2,3,.... |f,(p)| < an for all p € E.
= We say the infinite series 3 f, converges absolutely if the infinite series > fu(p) Suppose ,,szl 3n Converges and, tor n 3 [fa(p)| < an for all p
n=1 n=1 00
converges absolutely for each p € E. = Then ) f, converges absolutely and uniformly.
n=1
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Proposition Proposition

= Suppose a, b € R with a < b.

= Suppose, for n=1,2,3,..., f,: [a,b] = R is continuous.

= Suppose E is a metric space. o0
= Suppose, for n=1,2,3,..., f,: E — R is continuous. * Suppose nzzzl fn converges uniformly.

oo} o0
= If > f, converges uniformly, then f = 3" f, is continuous on E. . Iff= § f,, then

n=1 n=1 n=1

b e b
/ f(x)dx = Z/ fo(x)dx
a n=1 a
Proposition Definition
= Suppose U C R is an open interval.
= Suppose, for n=1,2,3,..., f,: U — R is differentiable and f, is continuous.
o0
= Suppose Y f! converges uniformly on U.
n=1 = Suppose a, ¢, c1, €2, ...are real numbers. We call the series
o]
= Suppose for some a € U, > f,(a) converges. o
n=1 — n— —_ - 2 PN
. Then Z alx—a)"=c+alx—a)+alx—a)r+
=S n=0
= > f, converges, and )
n=1 a power series.
OO0
= if f = > fp, then f is differentiable on U and

n=1

f’:if,f,

n=1
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Theorem

o]
= For a power series Y. cp(x — a)", exactly one of the following holds:
n=0
= The series converges absolutely for all x € R. Moreover, for any positive real number ry, the
convergence is uniform on [a — r,a+ n].
= There exists a positive real number r such that the series converges absolutely for all x € R
with |x — a| < r and diverges for all x € R with [x — a| > r. Moreover, for any positive real
number r; with r; < r, the convergence is uniform on [a — r,a+ n].
= The series converges only for x = a.
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Proof (cont'd)

= Now let S = {f eER : § cn(&—a)" converges}.
n=0

= Then we may have
= S= {a},
= S is unbounded, in which case S = R, or
= S is bounded.

= In the last case, let r = sup S — a, and the result follows.
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Proof

o]
Suppose the series Y. cn(x — a)" converges for x = £, where £ # a.
n=0

Let b be a real number with 0 < b < |€ — a.
o0
Since ngo cn(€ — a)™ converges, Jim (€ —a)"=0.
Hence there exists a real number M for which |c,(¢§ — a)"| < M for n=0,1,2,3,....

Now, if [x —a| < b, for n=0,1,2,...,

n |§_a|n_ o n .
\'W—kn(f a)"|

x—al” b
<M
=1 <Ml

n

[en(x = a)"| = |ea(x — a)

o]
Hence Y~ cn(x — a)" converges absolutely and uniformly on [a — b, a + b] by comparison
n=0

. . x b |
with the series nEO M ‘5_—3
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Definition

o]
Consider a power series Y. cy(x — a)".
n=0

If r is a positive real number for which the series converges for all x with |x — a| < r and
diverges for all x with [x — a| > r, then we call r the radius of convergence of the power
series and we call the interval (a — r, a + r) the interval of convergence.

If the series converges for all x € R, we say the radius of convergence is oo and the
interval of convergence is (—oo, c0).

If the series converges only if x = a, we say the radius of convergence is 0.
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Examples

o0

= Example: Y x" has radius of convergence 1 and interval of convergence (—1,1).
n=0

= Example:

= Consider %
n=0
= Then, for any x € R, x #0,

X1
. (n+1)!
lim - =
n—oo | X2

= So, by the ratio test, the radius of convergence is oo and the interval of convergence is

(—00, ).
= Example:
= Consider 3 nlx".
n=0
= Then, for any x € R, x #0, % =(n+1)|x|.

= Hence, by the ratio test, the radius of convergence is 0.
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