Definition

Mathematics 160: Lecture 10

Determinants

o If A=a] is a 1 x 1 matrix, then det A = a.
e If A=[aj] is a 2 x 2 matrix, then the determinant of A is

det A = a11a2 — apans.
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e Example:
Furman University 1 2
det [5 _4} =(1)(—4) — (2)(5) = —14.
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Definition Example
e We have
o If A=[a;] is a 3 x 3 matrix, then the determinant of A is 32 -1 s 3 4 3 4 9
det| 4 2 3| = 3det -2 -1
1 9 5 2 5 -1 5 -1 2
azx» a az1  ax az1 a2 -
det A = a77 det — ajp det + ajz det .
1 [332 833} 2 [831 333] B [331 332} =3(10—-6) —2(20+3) - (8+2)
=12—-46—-10
= —44.
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Definition

e For an n x n matrix A = [ajj], let Ajj be the (n — 1) x (n — 1) matrix
obtained from A by deleting the ith row and jth column. We call

Ci(A) = (—1)" det A;;

the (i, )-cofactor of A.

e For an n x n matrix A = [ajj], the determinant of A is

n
detA = Z a;jCj = a1 G +anCo+ -+ a1n Cip.
=1

Dan Sloughter (Furman University) Mathematics 160: Lecture 10

September 16, 2011 5/8

Theorem

e If A=[aj] is an n x n matrix, then the cofactor expansions along any
row or column are all equal.

e That is, for any fixed i,

n
det A = Za,-jC,-j =anCh+apCor+ -+ ajnCh,
=1

and for any fixed j,

n
detA = ZaUC’J = alelj + anggj —+ -+ a,,anj.
i=1
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Example
e We have
g i g i 1 01 2 01
det =4det |-2 0 4| —2det (3 0 4
3 7204 -1 15 115
1 -1 15
2 11 2 10
+3det (3 —2 4| —2det |3 -2 0
1 -1 5 1 -1 1
= 4(—4—-0—-2)—2(—8+3)+3(2(—10+4)
—(15-4)+(-3+2))—2(—4-3+0)
=-24+10—-72+14
= -72.
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Example
e For our previous example,
; i g 2 2 11 4 2 2
det =3det |3 —2 4| —det |2 11
3 7204 1 -1 5 3 -2 4
1 -1 15
=3(2(-10+4)—(15—-4)+ (-3 +2))
—(4(4+2)—2(8—3)+2(—4-13))
=3(-12-11-1)—(24—-10-14)
= —72.
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