Lines in R2.

Mathematics 160: Lecture 21

Lines

Suppose £ is a line in R? passing through the points By and gp.
Note: d = go — Po is a vector parallel to /.

Note: g is on £ if and only if p — pg is parallel to d.
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That is, pis on £ if and only if p — gy = td for some scalar t.
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Definition Scalar equations

e If ¢ has vector equation p = gy + td, where

- - X1 p1 d1
e Given Py and d in R", we call the set of all points gy + td, where t is X P . >
a scalar, the line through py with direction d. p=1|.|,Po=|.|,andd=| .|,
o We call x p d
p=Fo+td ’ ’ "
the vector equation of the line. then
e Note: if the line £ passes through py and go, then the vector equation X1 = p1 + tdi,
of £ is
- - - - X2 = p2 + td27
P = Po + t(do — Po).
Xp = pn + tdp.

e We call these equations the scalar equations, or parametric equations,
of /.
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Example Example (cont'd)

e To find the equation of the line £ through the points

1 2
60 = |2| and 50 = (-1}, . . .
3 1 e The parametric equations of the line are
we first find o x=2-t
_ -1 y=-1+3t
d=qgo—po= i . z=—1+44¢t.
e Then the vector equation of the line is
2 [—1]
F=1-1|+¢| 3
-1 | 4]
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Example Example (cont'd)

e Then if we let

, L 65 |F
e Suppose we wish to find the distance D from the point Vi = projjv = gd = [2] )
5
g= {2] the desired distance is the length of
5
_7I
to the line £ with equation Vo =V—v = [ 154] .
5
S 1 2
p= +tll- e Hence
1 1 7
D= -5.
o Let . .5
o 21 |1 _ 1 and d — 2 . e Note: the point on ¢ closest to g is
5 1 4 1
12 17
-1
6 1|
1 5 5
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Normal form in R? Normal form in R? (cont'd)

e Let ¢ be a line in R? with vector equation p = po + td.
e Let 7 be a nonzero vector orthogonal to d.
o For example, if

L Tu e Conclusion: p is on the line ¢ if and only if ii- (5 — pp) = 0.
d= [v} ’ e We call this the normal equation of /.
then we could take ¢ Note: if we write
-] =[o- L]
u b y
cd and let ¢ = —ii - Py, then we may write the normal equation of £ as

e Note: if pis a point on £, then p — pp = td for some scalar t, and so
P — Po is orthogonal to n.
e Note:
e If B is a point in R? such that p — py is orthogonal to 7, then B — By
satisfies the equation 7 - ¥ = 0.
e Since d is the only basic solution to this equation, it follows that
p— Po= td for some scalar t.
e Thatis, pison /.

ax+ by +c=0.
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Example Example (cont'd)

e Suppose /¢ passes through the points

. 1 ]2
Po=|5| and Go=||.
o Let i e That is,
a:~0_~0:[1 , “3(x—1)+(y-2) =0.
e That is,
[_3} -3x+y=-1

e Then

is orthogonal to d.
e So the normal equation for £ is

(BB =
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