Definition

Mathematics 160: Lecture 24 o
e Recall: if
The Cross Product X1 X2
V= |y| and w= |y|,
Z1 Z2
Dan Sloughter
then
Furman University L i X1 X2 Y122 — Y221
vxw=det |] y1 Y| =|xz—x12
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Some properties The Lagrange identity
e Suppose
e It follows immediately from the definition that, for any vectors v and | . X2
w in R3 and any scalar a, V= |y1| and w = |y»
e vx0=0, val b))
'KX‘QIO'(q ) e Then
e VX w=—(w X V),
* (@v)xcw = a(vocw) =V x (aw). IV x w|* = (nz2 — y2z1)* + (021 — x122)° + (xay2 — xoy)?
e Also, for any third vector 4, if A is the matrix with columns i, Vv, and
W then y = y12222 —2y1Voz120 + y22212 + x22212 — 2X1X02120 + xsz2
' 2.2 2.2
U-(Vxw)=detA. +X1y5 — 2x1xy1y2 + X3 ¥4
L2 2 2\ .2 2 2y (2.2 2.2 2.2
e We call the latter the scalar triple product of i, v, and w. =04 +yi +2)0e +y2 +2) - (0 +yivs +22)
e Homework exercise: — 20xaxey1y2 + x1%22122 + y1y22122)
e Vx (U+w)=(Wxd)+(Vxw = ||[V|)2| W] = (x1x2 + y1y2 + z120)?
.(U+W)XV:(UXV)+(WXV) :||V“2“W|’2—(V'VV)2

Dan Sloughter (Furman University) Mathematics 160: Lecture 24 November 2, 2011 3/13 Dan Sloughter (Furman University) Mathematics 160: Lecture 24 November 2, 2011 4/13



Geometry Example

e . . o Let A be the area of the triangle with vertices at
e It now follows that if 6 is the angle between v and w, then

1 -2 3
o o2 =121 7 (12 i 2 S _ -
[V w[|= = [[VI[Z[|w][* = ([[VIl[|w]| cos(6)) p=| 2|,4g=| 4|, and7= |1
= [[VI%[w]|*(1 — cos*(6)) -1 3 5
= |[V]%[|w||? sin*(6). o Let
-3 2
e Since 0 < 0 <, sin(f) > 0, so we have Vv=4g—-p=| 2| andw=r—-p=|-1
4 6
9% @] = 7] sin(6). s Then
- . : : - - 7 -3 2 16
e Note: if P is the parallelogram with adjacent sides v and w, then Lo .
S s . . VX w=det|] 2 =11 =126
||w|| sin(@) is the height of P. Hence 2
k 4 6 -1
IV x w| = area of P. and 1 1
A=Z||Vxw| ==v933.
2 2
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Example (cont'd) Right-hand rule
e Triangle from above:
zZ §-
5
4‘77 . = = - - = - e rd
I e Homework exercise: ©xX 7=k, 7x k =7, and k x i = j.

=y

e In general, Vv x w is a vector of length ||V||||w|| sin(#), orthogonal to
both v and w, in the direction determined by the right-hand rule.

e
6

Y

1
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Areas and determinants Example

e Let P be a parallelogram in R? with adjacent sides

V= t(/l and w = [;2] ) e If Ais the area of a parallelogram in R? with adjacent sides
1_
S |1 L |2
o Let - T3 andW:17
X1 X2
Vi = }61 and wj = }62 - then
| B 1 2|
A = |det [3 1” =5.

e |f Ais the area of P, then

L X1 X2
A= ||lvi x wi|| = |x1y2 — xoy1| = |det
yi y
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Parallelpipeds Example

o Let P be the parallelepiped with adjacent sides i, v, and w.
e With the parallelogram having adjacent sides v and w as base, the o Let P be the parallelepiped with adjacent sides
height of P is the absolute value of the component of i in the

direction of V x w: 0 1 -3
|- (V x w) i= |1, v= |4 andw=| 1
IV x wll 5 1 1
e Hence the volume V of P is e Since
li-(Vxw)|,. . S 01 -3
V== [Vxw| =i (Vxw) det [1 4 1| =—(1+3)+5(1+12) =61,
[V < w 1]
e That is, the volume of P is the absolute value of the scalar triple the volume of P is 61.

product of 4, v, and w, or, equivalently, the absolute value of he
determinant of the matrix with 4, v, and w for columns.
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Example (cont'd)

e Parallelepiped from above:

z g
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