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Note: X3 = 2¥; + 3.

Hence span{Xi, X2, X3} = span{x1, X2 }.

Furman University

Note: X, is not a scalar multiple of X;.
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e We say X; and X are linearly independent, whereas X1, X, and X3 are

linearly dependent.
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Example Example (cont'd)
o Let
2 -3
o 1 d 3 2
X1 = and Xo =
3 -1
1 4

e Unless both s; — s, =0 and t; — tp = 0, this would imply that Xj and

as in the previous example. -
Xo are parallel.

e Let P be the plane with vector equation p = sxi + tX>.

e Suppose G is a point in P. Then § = s1X; + t1X> for some scalars s e Since x; and X, are not parallel, we must have s; = s, and t; = t.
and ty. e That is, every point p in the plane P may be written in one and only
e Suppose we could also write § = spX1 + toXo, where s, and t, are one way as a linear combination of X; and X.

again scalars.
e We would then have

SIX1 + t1Xo = Sopxq + toXo,

implying that
(51 — 52))?1 + (tl — tg))?g =0.
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Definition

e We say a set of vectors {X1, X2, ..., Xk} in R" is linearly independent if
tX + toXo + -+ + tyXe = 0,
for some scalars t1, tp, ..., tx, implies
tp=th= =ty =0.

Otherwise, we say {xi, X2, ..., Xk} is linearly dependent.
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Example (cont'd)

e That is, we are asking if the system

r—2s+4t=0
3r—2t=0
r+s—t=0
2r—s=20

has only the trivial solution.

e We have
1 -2 40 1 -2 40
3.0 -20 |0 1 -50
1 1 -10 0 0 10
2 -1 00 0 0 00

e Hence the only solution is the trivial solution r = s =t =0, and so
{%1,%, X3} is an independent set of vectors in R*.
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Example

e Consider the vectors

1 -2 4
> 3 o 0 L |2
== 1l and X3 1

2 -1 0

in R*.
e To test {X1,%2, X3} for linear independence, we look for scalars r, s,

and t for which
rxy +sxo +txz3 = 0.
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Theorem
o If {X1,%,..., X} is a linearly independent set of vectors in R”, then
for every y in span{Xi, X2, ..., Xk} there exist unique scalars ti, ty,

..., bty such that

y=tX + tXo + - 4 Xk
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Theorem (cont'd) Theorem

e Reason:
e Suppose we have both

V=1tX1 + toXo + - - + teXk

and e Suppose {Xi,X2,...,Xk} is a linearly independent set of vectors in R".
Y =s1X1F X - A S If Uis an n x n invertible matrix, then {Uxy, U, ..., U} is also a
e Subtracting, we have linearly independent set of vectors.
(1 —s1)X1 + (e — )% + -+ + (tk — sk)X = 0.
e |t follows from the linear independence of {Xj,%,, ..., X} that
ti—51=0,tb —5=0,...,t, — s, =0.
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Theorem (cont'd) Theorem
e Reason:
e Suppose that, for some scalars t;, to, ..., t,

tUR + tbU% + - + t, UR = 0.

e Then . e Suppose R is an m x n matrix in row-echelon form and let yi, y», ...,
0=U(tix + t2%2 + - + 1), Yk be the nonzero rows of R. Then {y1,¥>,...,Y} is a linearly
and so, since U is invertible, independent set of vectors in R".
0= B X1 + tXo + -0+ X
e Since {X1,%,..., Xk} is linearly independent, it follows that
ti=tb=---=1t=0.
e Hence {Uxy, U%, ..., UX} is linearly independent.
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Theorem (cont'd Theorem

e Reason:
e Suppose, for some scalars ty, to, ..., tk,

t1 + s + - + teyk = 0. e Suppose A is an n x n matrix. The following are equivalent:

A is invertible.

The columns of A are linearly independent in R”.
The columns of A span R".

The rows of A are linearly independent in R".
The rows of A span R”.

e Suppose the first leading 1 in R is in column j. Then the jth entry of
y1 is 1 and the jth entry of y;, i =2,3,...,k, is 0.

e Hence we must have t; = 0.

e We then have

tajs + - + tjk = 0.

e Proceeding as above, we show, successively, that t, =0, t3 =0, and so
on, up to tx = 0.
e Hence {4, ¥>,..., ¥k} is linearly independent.
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