Consequences of the rank theorem

Mathematics 160: Lecture 30
Full Rank
= |f Ais an m X n matrix, then rank A < m and rank A < n.
Dan Sloughter = An n X n matrix A is invertible if and only if rank A = n.
= For any matrix A, rank AT = rank A.
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Theorem Theorem

= If Ais an m x n matrix, U is an invertible m x m matrix, and V is an
invertible n x n matrix, then rank A = rank UAV. = Let A be an m x n matrix with columns ¢, ¢, ..., €. The following
are equivalent:

= Reason: . .
= If B = UA, then rank A = rank B since U is the product of elementary o th_,e o_ply SO|lit|Or.1 Of AX - 0'is the trivial solution X = 0.
. ® {¢,3,...,Cq} is linear independent.
matrices.
® rankA=n.

= Similarly, rank AT = rank VT BT = rank(BV)" = rank(UAV)T.
= Hence rank A = rank UAV.
= Note: in particular, if A and B are similar, then rank A = rank B.

O the n x n matrix AT A is invertible.
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Theorem (cont'd)

= Reason:

« (1) = (2): f 18 + to& + -+ - + 4G, = 0, then Af = 0 where

5 T SR Lo
t= [tl tr tn] . Hence t =0, and {&, &, . ..
independent.

= (2) = (3): rank A =dim(col A) = n.
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Theorem

= Let A be an m X n matrix with columns &, &, ..., &,
are equivalent:
@ AX = b has a solution for every b in R™.
@ span{cy, &, ..., Gt =R™.
® rankA=m.
O the m x m matrix AAT is invertible.
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, Cn} is linearly

. The following

Theorem (cont'd)

= Reason (cont'd):
= (3) = (4): Suppose ATAX =0 and let

X1 Y1
. X2 . Y2 .
X=|.| and ¥y = = AX.
Xn Ym

= Then
0=xT(ATAR) = (AX)T(AX) =7 7 =77 = |I7II>

= Hence y = 0, and so X = 0 since {&,6,...,
= Thus AT A is invertible.

» (4) = (1): If AX =0, then

¢, } is linearly independent.

(ATA)X = AT(AX) = AT0 =0,
and so X = 0 since AT A is invertible.
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Theorem (cont'd)

= Reason:
= (1) = (2): We have R™ =im A = col A.
= (2) = (3): rank A =dim(col A) = m.
= (3) = (4): Since rank AT = m, by the previous theorem
(AT)TAT = AAT is invertible.
« (4) = (1): Given b in R™, there is a y in R™ such that (AAT)y = b.
Hence A% = b, where ¥ = AT .
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Theorem Example

= In a previous example, we saw that if

11 2 3
A=12 1 4 0f,
= For any m x n matrix A, 32 -12
v . th
dim(im A) 4+ dim(null A) = n. en 23
= Reason: _412
= Recall: if r = rank A, then the system AX = 0 has n — r basic solutions. N
= Thatis, dim(null A) = n — r = n — dim(im A). 7
is a basis for null A and
1 1 2
20,11, 4
3 2 -1
is a basis for im A.
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Example (cont'd) Example

= If Ais 1 x n, and is nonzero, then dim(im A) = 1, so

= In particular, dim(null A) =1, dim(im A) = 3, and dim(null A) = n — 1.
dim(im A) + dim(null A) = 4. = Note: if n =2, AX =0 is the equation of a line through the origin.
= Note: if n =3, AX =0 is the normal equation of a plane through the
origin.
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