Triangle inequality

= For any two vectors X and y in R”,
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Orthogonality X+ Yl < [IX]] + [I¥]]-

= Reason: Using the Cauchy-Schwarz inequality,
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Distance in R” Definition
= We call a set of nonzero vectors {Xj, X2, ...,Xc} in R" orthogonal if
. Re;:al!:. iffiancij/’ are two points in R”, then the distance between X X% =0forall i
and yis [[X =y = If, in addition, ||X;|| =1 for i =1,2,...,n, then we say the set is
= Triangle inequality: For any three vectors X, y, and Z in R", orthonormal.
. (o = - . n
HX - yH — H(X - Z) + (z - Y)|| < HX - ZH + HZ - y” Note: if {X1,X2, . ,Xk} IS an orthogonal set of vectors in R”, then
. . . . 1 1 1
= That is, the length of any side of a triangle is less than or equal to {Tk’l, X0, ., T)?k}
the sum of the lengths of the other two sides of the triangle. 1%l 1%l %]

is an orthonormal set.

Dan Sloughter (Furman University) Mathematics 160: Lecture 31 Dan Sloughter (Furman University) Mathematics 160: Lecture 31



Dan Sloughter (Furman University) Mathematics 160: Lecture 31

Pythagorean Theorem

= If {X1,%,...,Xk} is an orthogonal set of vectors in R”, then

%0+ %2 + - o Kil|2 = (5] 5+ - (%)

= Reason: Since X; - X; = 0 when i # j,
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Theorem

= Suppose {Xi, X2, ..., Xk} is an orthogonal basis for a subspace U in

R If
=t4X + X + - Xk
is a vector in U, then
g XX
Rk
= Reason: the result follows from
)?0?,'2(tl)?'1+t2)?2+"'+tkfk)‘)?}
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Theorem
= If {X1,%,..., Xk}, is an orthogonal set of vectors in R", then
{X1,X2,...,Xk} is linearly independent.

= Reason:

= Suppose, for some scalars ty, to, ..., t,

151 + X + - - + X = 0.
= Thenfori=1,2,..., k,
0=%-0
=X - (X1 + X + - 4 thXk)

=t(% %)+ (k%) + -+ (X X)

2.112
= &[]
= Hence t; = 0.
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Orthonormal bases

Note: if {)_(‘1, X, ...
R"™ and X is any vector in U, then

R=(% %)+ (F- D)%+ + (R %) %

Note: {€1,&,...,8&,} is an orthonormal basis for R".

T
= Note: if X = [xl Xo x,,] , then X - & = x;.

= Hence this result generalizes the representation

— — - -
X = X161 + X062 + - -+ + Xp€p.
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, Xk } is an orthonormal basis for a subspace U in
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Example Example (cont'd)

= Suppose
1 -1 0
X1=10], %= 0], and X3 = |2 = Then, for example, if
1 1 0 1
= Then {X;,X,X3} is an orthogonal set, and, hence, an orthogonal X=12{,
basis for R3. 3
= Then {Z1, 2, Z3}, where then 4 5
1 1 )_(’:—214-—22—22‘3:2)_(’14-)_('2—)_(’3.
v Vs 0 V2©v2
21 = 0 ,22 = 0 5 and 23 =|-1 5
1 1 0
V2 V2

is an orthonormal basis for R3.
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