= Suppose {1?1, fa, ,E(} is an orthogonal set in R”. If X is in R" and
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Consequences
= If B= {7_‘1, 7?'2, ,7_‘;(} is an orthogonal subset of a subspace U of R”,

then B may be enlarged to form an orthogonal basis of U.
= In particular, every proper subspace of R” has an orthogonal basis.

= If X isin span{f_‘i,fé,...,ﬁ(}, then
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and fk+1 =0.
= If X is not in span{f1, f,..., fc}, then fr1 1 # 0 and
{f, f2,..., fi, fkp1} is an orthogonal set.
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Gram-Schmidt Algorithm Example

= Given a basis {xi,X2,...,Xn} of a subspace U of R", define
= Let P be the plane in R? with equation p = sV + tw, where

fl :)?17

- F 1 -1
- Xo - f1 = - .
fé:)?g—#l, Vv=12| and w = 1
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2 X3-fiz X3-fh2 o
R=X3——= o= =2 = That is, P = span{V, w}.
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= |f we let
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Then
= span{f,fo,...,fk} =span{X;,%,... , X} foreach k =1,2,...,m, and then {V, 4} is an orthogonal basis for P.
= {f,f,...,fm} is an orthogonal basis for U.
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Example (cont'd) Example
= Let U be the subspace in R* with basis

1 0 1

= Note: 2 2 0

1 -5 171 |4

2|, -1 2 1 2

1 ! = To find an orthogonal basis for U, we begin with

is also an orthogonal basis for P. 1
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is an orthonormal basis for P. . 0 1 —7
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Example (cont'd)

= Next,
3=X3— ——= 1— —= 2
(1|2 (21|12
1 1 -7
0 9 (2 3 6
e JRE— _|__
4 10 |1 110 | 3
2 2 —4
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= Then {)?1, 1?2, %} is an orthogonal basis for U.
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Example (cont'd)

= Note: we also have that

1] [-7
2 6
1] 3
2| |-4

is an orthogonal basis for U.
= We then have that

1
1 |2 1 6
V10 (1] 7110 | 3

2 —4

is an orthonormal basis for U.
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