Definition

Mathematics 160: Lecture 7 e We say an n x n matrix A is invertible if there exists a matrix C for
Matrix Inverses which CA= 1, and AC = I,.

e Note: Suppose A is invertible and C and D are matrices for which
Dan Sloughter CA=1l,=AC and DA= I, = AD. Then

Furman University D = DI, = D(AC) = (DA)C =1,C=C.
e In other words, the matrix C in the definition is unique. We call it the

September 9, 2011 inverse of A, which we denote A1,
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Example Example
o If
A— |2 b
e d|’ e Note: not every matrix has an inverse.
then, provided ad — bc # 0 e Example: the n x n matrix with all entries O does not have an inverse.
e There are other matrices without inverses. For example, for any real
Al 1 d —b numbers a, b, ¢, and d,
ad — bc |—c al’
1 1j|a b| |a+c b+d
which may be verified easily by multiplication. 0 Ol|c d| | O 0 |’
o For example, if
1 2 and so
A= [3 4] , 11
00
then cannot have an inverse
A1 1 4 =21 _1/-4 2 '
4-6|-3 1 21 3 —-1|°
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Inverses and systems Example

e To solve
3x+4y =6
e Note: If A is invertible, we may solve a system AX = B by _ 4
multiplying on the left by A~1: X—y="m
e A7!B is a solution since let
1 1 3 4 6
A(A™1B) = (AA"1)B = IB = B. A= _{|adB=],].
e And if X is a solution of AX = B, then e Then
1/-1 -4
X=IX=(ATA)X=AT(AX)=A"'B. Al = —3 {_1 3] ;

e Hence A~1B is the unique solution of AX = B.
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Some properties Some properties (cont'd)
e Note: Assume all matrices below are n x n.
e I, is invertible, with /;1 = I, e If Ais invertible, then, for any nonnegative integer k, A is invertible,
o If Ais invertible, then A1 is invertible, with (A‘l)_1 = A with (Ak)_1 = (A7H)k,
* Reason: AA™H =/, = A7A. o If Alis invertible, then AT is invertible, with (AT)_1 = (AT,

e |f A and B are invertible, then AB is invertible, with

_ 1A R :
(AB)"t=B71A"L * reason AT (A—I)T:(A—IA)T:/T:I
e Reason: o
and
AB(BT'ATY) =A(BB YA =ALATT=AAT =, (AT AT = (aa ) =T =1,
and
B'AYAB)=B ' (AT'A) B '=B",B=B"'B =1, e If Ais invertible and ¢ # 0 is a scalar, then cA is invertible, with
(cA)~t = Iat
e If A1, Ay, ..., Ax are invertible, then A1 A, --- Ax is invertible, with T c )

(A1A, - -Ak)_l - AzlAﬁl . "A1_1~
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Theorem Theorem

e In the following theorems, assume A is an n X n matrix and O is a e If the only solution to AX = O is X = O, then the reduced
matrix, of the appropriate size, of all zeros. row-echelon form of A is /,.
o If Ais invertible, then the only solution to AX = O is the trivial e Reason: We must have rank(A) = n, since otherwise AX = O would
solution X = 0. have non-trivial solutions. Hence the reduced row-echelon form of A
e Reason: From above, the unique solution is A~10 = O. must be /.
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Theorem Theorem

e If AX = B has a solution for every n x 1 column matrix B, then there
exists an n x n matrix C for which AC = [,,.

e Reason:
o If the_ reduced row-echelon form of A.IS l,, then AX = B has a e Forj=1,2,...,n, let ; be the n x 1 column matrix with entries
solution for every n x 1 column matrix B.
e Reason: Reducing the augmented matrix to reduced row-echelon form o — 0, ifi#j,
o . . 1= .
produces a solution (in fact, a unique solution) in all cases. ' 1, ifi=j.

o Let Cj be a nx 1 column which is a solution to AX = E; for

j=12,...,n
e Let C be the matrix with columns G, G, ..., C,.
e Then AC = |,.
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Theorem

e |f there exists an n x n matrix C for which AC = [, then A is
invertible.

e Reason:
e First note that if CX = O, then

X =1,X = (AC)X = 1,0 = O.

Hence the only solution of CX = O is X = O.
It follows from the previous theorems that there exists an n X n matrix
D such that CD = |,.

e But then
A=Al,=A(CD)=(AC)D =1,D =D.
e Hence CA=1,.
e Since we have assumed AC = /,, it follows that A is invertible with
A"l =_C.
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Summary of previous results

e Suppose A is an n x n matrix and O is a matrix, of the appropriate
size, of all zeros.
e The following statements are equivalent:

A is invertible.

The only solution to AX = O is the trivial solution X = 0.
The reduced row-echelon form of A is /,.

AX = B has a solution for every n x 1 column matrix B.
There exists a n x n matrix C for which AC = [,,.
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